Abstract. In this paper, we study the global convergence for the numerical solutions of nonlinear Volterra integral equations of the second kind by means of Galerkin finite element methods. Global superconvergence properties are discussed by iterated finite element methods and interpolated finite element methods. Local superconvergence and iterative correction schemes are also considered by iterated finite element methods. We improve the corresponding results obtained by collocation methods in the recent papers [6] and [9] by H. Brunner, Q. Lin and N. Yan. Moreover, using an interpolation post-processing technique, we obtain a global superconvergence of the O(/i2r)-convergence rate in the piecewisepolynomial space of degree not exceeding (r -1). As a by-product of our results, all these higher order numerical methods can also provide an a posteriori error estimator, which gives critical and useful information in the code development.
INTRODUCTION
In this note we are concerned with finite element methods for the Volterra integral equation of the second kind, where g: I -» R and k; D x R -> R (with D := {(t, s): 0 < s < t ^ 1}) denote given functions. In our analysis we sometimes employ the linear counterpart of (1.1), for all t g /, (t, s) 6 D, and 2/1,3/2 € JJ, with Lipschitz constants LI and £2 being independent of yi and 2/2-The study of convergence properties of collocation methods for the Volterra integral equation (1.1 However, to the authors' knowledge, finite element methods for the nonlinear Volterra integral equation (1.1) have few results, even for the general convergence to be proved in the coming Section 2 of the paper. The main motivation of this paper derives from [6] and [9] : by means of Galerkin methods we will improve the corresponding results given in [6] and [9] not only for the linear version (1.2), which has been analyzed in [6] and [9] by collocation methods, but also for the nonlinear case (1.1).
The paper is organized in the following way. In Section 2 we give some necessary preliminaries and study global convergence properties by finite element methods for the problem (1.1). Section 3 is devoted to obtaining global superconvergence by virtue of iterated finite element methods and interpolated finite element methods. In Section 4 we study local superconvergence by means of iterated finite element methods. Here, using an interpolation post-processing technique, we can also get higher approximations of the O(/i 2r )-convergence rate in the piecewise-polynomial space of degree at most (r-1) for the problem (1.1). In addition, as an application of these superconvergence properties, some a posteriori error estimators, by which the finite element error bound can be determined, are obtained. In Section 5 we discuss iterative correction approximations and some a posteriori error estimators based on the iterative correction method.
